We reformulate Hecke's open problem of 1923, regarding the Fourier-analytic proof of higher reciprocity laws, as a theorem about morphisms involving stratified topological spaces. We achieve this by placing Kubota's formulations of n-Hilbert reciprocity in a new topological context, suited to the introduction of derived categories of sheaf complexes. Subsequently, we begin to investigate conditions on associated sheaves and a derived category of sheaf complexes specifically designed for an attack on Hecke's eighty-year-old challenge.
is that the all-important splitting behavior manifests itself as a four-part proposition (see Proposition 5.1 below) about a commutative diagram in the category of topological spaces. This proposition sets the stage for the tactic of applying methods from the subject of derived categories and perhaps even perverse sheaves.
The structure of the present paper is as follows. Section 2 is an account of the analytic proof of 2-Hilbert reciprocity based on Weil's work in [26] , and on Kubota's work in [19, 20] . The reader is referred to [4] for a more thorough dissection of this material. Next, Section 3 is a presentation of Kubota's generalization of the quadratic formalism to the general case, n ≥ 2; here, the main reference is [20] , of course, but see also Matsumoto [21] and Kazhdan and Patterson [17] . In Section 4, we go into the question of realizing the adelic groups that populate Kubota's short exact sequences in topological terms and address the issue of stratification, anticipating a possible later advent of perverse sheaves. In Section 5, we give the aforementioned formulation of the pivotal splitting property of Kubota's metaplectic group in diagrammatical terms in the category of topological spaces. Section 6 is concerned with the relevant diagrams of topological spaces as sites for sheaves and introduces the dual formulation of Kubota's formalism in terms of sheaves. In Section 7, the machinery of derived categories is introduced, and we begin to close in on our dualized splitting property by means of a theorem about a certain long exact Hom sequence. Finally, in Section 8, we look toward what lies ahead.
Quadratic reciprocity: the double cover of SL 2
Let k be a global algebraic number field with k * its dual space. 1 , and for σ ∈ SL 2 (k p ), the natural action given by w → w σ := (z σ ,ξ) yields an action on ρ in that we may define ρ σ : w → ρ(w σ ). It is immediate that ρ σ is also (with ρ) an irreducible unitary representation of Heis(k p ), evidently sharing ρ's central character. So, by the essential uniqueness part of the Stone-Von Neumann theorem, ρ and ρ σ are conjugate mappings and this provides that for every σ ∈ SL 2 (k p ) we obtain an element r p (σ) in the automorphism group of S p realizing this conjugation. It follows on general algebraic grounds that, as an operator, r p realizes a complex projective representation, the (local) Weil representation. Projectivity entails that there exists a local 2-cocycle c p ∈ H 2 (SL 2 (k p ),C × 1 ) characterized by the fact that for all σ 1 ,σ 2 
In [26] , Weil shows that c p takes values in µ 2 = {1, −1} so that c p actually determines a central extension, or double cover, of SL 2 (k p ) by µ 2 which we denote by SL 2 (k p ) × cp µ 2 or simply SL 2 (k p ); in particular we have a c p -twisted group law given by the short exact sequence (or s.e.s.)
with j the obvious injection and p the obvious projection.
Although it was already brought out in [26] that c p should bear a close kinship to quadratic symbols, this was not made completely explicit until Kubota, treating the general case of n-fold covering of SL 2 (k p ), presented a definition of the defining 2-cocycle in terms of the n-Hilbert symbol on k [19] . In the present quadratic case, the local projective Weil representations r p , with p ranging over the places of k, admit to adelization. This is to say that there is a canonical way of defining an adelic projective representation r A = ⊗ p r p (in the notation of [11] ; see also [17, page 52]) of the adelic group SL 2 (k) A , whose cocycle is c A := p c p . Accordingly we obtain the adelic covering data
In view of Kubota's presentation of c p about which we say more in due course, one shows relatively easily that 2-Hilbert reciprocity, that is,
for all a,b ∈ k × , holds as a consequence of SL 2 (k) A (or c A ) being split on SL 2 (k) in a particularly strong sense; moreover, the converse holds, too. Of course, here (·,·/p) 2 denotes the 2-Hilbert symbol.
In diagrammatical language, then, quadratic reciprocity comes down to
where j 0 is the diagonal imbedding, and, taking a familiar liberty with ⊗, As regards higher-degree metaplectic covers, that is, Hecke's challenge as discussed in Section 1, one can argue that it has thus far been impossible to generalize the foregoing tactics to get n-Hilbert reciprocity because of the current absence of higher-degree counterparts to the projective Weil representation. However, in [19, 20] Kubota succeeded in defining an n-fold cover of SL 2 (and even GL 2 ) by direct algebraic methods and such a cover, say, SL 2 (k)
A , is split on SL 2 (k), just as in the quadratic case; this suffices for the derivation mutatis mutandis of n-Hilbert reciprocity. But Kubota was forced to employ nHilbert reciprocityà priori in order to get this splitting on the rational points, so Hecke's challenge is left unmet because of circularity. As we mentioned in Section 1, it is our eventual objective to introduce a sheaf-theoretic formalism with which to address this algebraic strategy of Kubota while circumnavigating n-Hilbert reciprocity. The present paper, as a first step, is concerned with the topological preliminaries to this enterprise.
The n-fold cover of SL 2
Let n ≥ 2. In [19] , to which we refer the reader for proofs and additional details, Kubota directly defined local 2-cocycles c
, where µ n is the group of nth roots of 1 (assumed from now on to live in k), as follows.
and then define, for all
where (·,·/p) n is the n-Hilbert symbol on k
is a factor set as indicated follows entirely from local properties of the n-Hilbert symbol. We obtain the s.e.s.
generalizing (2.1).
It is pointed out on [20, page 22] that n-Hilbert reciprocity is not needed to get the adelization of (3.3) which proceeds thus: let σ 1 , σ 2 be two adeles in SL 2 
A ∈ H 2 (SL 2 (k) A ,µ n ) in this way we immediately obtain the adelic cover
By the way, as already alluded to at the end of Section 1, another characterization of
A can be gleaned from Matsumoto's construction [17, 21] . Moreover, Kazhdan and Patterson take special care to mention on [17, page 51] that n-Hilbert reciprocity is equivalent to the fact that c (n)
A should be split on SL 2 (k), evidently along the same lines as (2.4) (although they phrase things in terms of GL 2 ). For our aims, the point is that n-Hilbert reciprocity is not necessary for the construction of (3.4) and (3.5), even though it is in fact sufficient (as Kubota suggests on [19, page 115] ).
The upshot is that, concerning Hecke's challenge, it will be enough to devise a splitting homomorphism ω = id⊗s A , with s A : SL 2 (k) → µ n (just as in (2.5) and (2.6)) situated as follows:
just as in (2.4) . In [19, 20] Kubota, presupposing n-Hilbert reciprocity, gives an explicit formula for s A which, in fact, provides that it is a homomorphism on SL 2 (k) (see also [10, page 27] ). This is the strong sense in which ω splits c (n)
A on SL 2 (k) as discussed above, seeing that simply because, by virtue of splitting,
So, by way of a summary, the n-fold cover, SL 2 
for its existence; but n-Hilbert reciprocity is equivalent to c (n)
A being split on SL 2 (k), the set of rational points of SL 2 (k) A , by ω, as per (3.6) . This means that 8) in the indicated strong sense that
where
is a homomorphism (i.e., c
. Accordingly we now focus our attention on demonstrating the existence of ω and s A by means of derived and triangulated categories and perverse sheaves.
Topological groups and stratifications
The respective topological groups underlying SL 2 (k p ) (n) and SL 2 (k) (n) A , as per (3.3) and (3.5), are just SL 2 (k p ) × µ n and SL 2 (k) A × µ n with the obvious product topologies. We will provide an example immediately to show that in general c (n) p , as given by (3.1) and (3.2), fails to be continuous, whence the c (n) p -twisted group structure on SL 2 (k p ) (n) fails to realize this group as an autonomous topological group. This forces us to approach the matter of topologically encoding this twisting in a new way, as we will see presently. But let us first take a look at our example. On to the topological maneuvers. We work in the adelic topology, noting that, except for the splitting in (3.6), everything goes through in exactly the same way in the p-adic case. The following sequence of topological groups is obviously split exact:
Double it in the following sense (generally writing X 2 for X × X, as done above already for SL 2 (k)):
where we use the alternative notation, , , for injections and surjections to distinguish that we are working in the category of topological spaces as opposed to the category of groups: (4.1) and (3.5) live in the category of (topological) groups, but (4.2) lives in the category of topological spaces. We also take the notational liberty of writing, generally,
, f (y)). Next, write m (resp., m r ) for multiplication in µ n (resp., SL 2 (k) A ) and write m c
A ; obtain the hybridized diagram
Now, in SL 2 (k) A , the products (σ 1 ,ξ 1 )(σ 2 ,ξ 2 ) and (σ 1 ,ξ 1 )(σ 2 ,ξ 2 ), with ξ 1 , ξ 2 , ξ 1 , ξ 2 unrestricted, each obtain as multiplicative translations by ξ 0 in the second coordinate of, respectively, (σ 1 σ 2 ,ξ 1 ξ 2 ) and (σ 1 σ 2 ,ξ 1 ξ 2 ), both in SL 2 (k) A × µ n . Therefore, the given equivalence relation provides a way of encoding the action of twisting by c (n) A in the setting of (SL 2 (k) A × µ n ) 2 , partitioned into the equivalence classes (c (n) A ) −1 (ξ) × µ 2 n , with ξ ranging over µ n : for a given choice, ξ = ξ 0 , the effect of m c (n) A on the class of ξ 0 is to append the aforementioned translation by ξ 0 to the untwisted result of multiplying in SL 2 (k) A × µ n . In order to bring this out diagrammatically we recast (4.3) as follows, bearing in mind that the earlier harmless abuse of notation is still in effect (and will be from now on):
We reiterate that (σ 1 ,σ 2 ,ξ 1 ,ξ 2 ) ∈ (c (n)
A (σ 1 ,σ 2 ) = ξ 0 and the effect of m c (n) A on the element is to map it to (σ 1 ,σ 2 ,ξ 1 ξ 2 ξ 0 ).
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In the setting of (4.4) the splitting of c (n)
A by ω as discussed at the end of Section 3 takes the following shape. We have seen that, in order to get at Hecke's challenge in accord with [19] , it is necessary and sufficient that c (1) . Said differently, we require a mapping
and, with m 0 : SL 2 (k) 2 → SL 2 (k) the usual group law on SL 2 (k), we want that
It is enough to prove that (4.6) holds; (4.7) is immediate (see (4.8) below). The hard part is getting Ω and ω so that the latter splits c
A on SL 2 (k), which is a somewhat different matter, as we will see momentarily.
As we have already indicated a few times, the strategy we seek to employ in attacking (4.6) is, in broad terms, concerned with employing the machinery of derived and triangulated categories and perverse sheaves. Soon we turn to the topological prerequisites for this approach; the algebraic situation is summarized in the following diagram extending (4.4):
Here the critical subdiagram is, obviously,
where the notational abuse of duplicating Ω is justifiedà forteriori once (4.6) is taken care of. Note, too, that the requirement p • ω = j 0 (see (3.8) ) is equivalent to having
Now, as regards the topological prerequisites just alluded to, we need first of all to address the question of stratification (in the sense of [1] of course). Starting with the local case we have the following proposition.
Proof. With c (n)
p given by (3.2) we get that, with
ce+dg c f +dh , and distinguish the following four sets partitioning SL 2 (k p ) 2 :
Accordingly each consituent set in (4.10) (for every ν ∈ µ n ) is partitioned in turn into the disjoint union of four subsets of A, B, C, D, say, A ν , B ν , C ν , D ν , defined by the preceding conditions. Given that we now have 4n pairwise disjoint sets, that is, finitely many, it is enough to check that each of these is locally closed. Consider, for a fixed ν, the (typical) set A ν
Regarding x(σ 1 σ 2 ) we get that ce + dg = 0 yields either that d,e = 0 or d = e = 0; whence, as A (and so A ν ) is characterized by c,g = 0, the latter condition, d = e = 0, forces b = −1/c, g = −1/ f . However, this is not really of concern to us: what does matter is that A ν , in turn, is partitioned into the disjoint union of three sets as follows:
(4.12)
Consider, for example, the second set in (4.12), cut out by the conditions c,d,e,g = 0,
, making for the intersection of seven (obvious) sets. By the continuity of the ordinary arithmetical operations, the equation ce + dg = 0 cuts out a closed set; the conditions c,d,e,g = 0 cut out four open sets. Beyond this we have that it follows from local class field theory that the n-Hilbert symbol is continuous (as we had occasion to note above, in our example concerning the discontinuity of c 
Proof. Being open as well as being closed commute with passing to a product topology relative to a discrete space.
Turning now to the adelic case, consider the equation
, as before, and ξ ∈ µ n . Fixing an ordering of the places p of k we define a multiplicative partition, π × (ξ), of length (which we may suppress, writing π × (ξ)), to be any adele (α p ) p such that in the th position α p = 1 but in all subsequent places α p = 1 (for π × (ξ) such an should exist), and, additionally, 
Proof. Write S π × (ξ) for the set of places (with π × (ξ) of length ) p 1 , p 2 ,...,p for which, possibly, α pi = 1, that is, the initial segment of the ordered set of places of k, outside of which the coordinates α p occupy O p . We can form the restricted product
and obtain herein the collection of all adele pairs (σ 1 ,σ 2 ) which are mapped to ξ by c 
αp and closed sets F
upon rearranging the Cartesian product (generalizing the set-theoretic relation that (
Corollary 4.5. For every ξ ∈ µ n and every multiplicative partition π × (ξ), of ξ, the set
Proof. This is similar to the proof of Corollary 4.3.
Corollary 4.6. For every ξ ∈ µ n , we have that (c (n)
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n is the countable disjoint union of the adelically locally closed sets
Proof. Evidently we only have to check that each X ξ; is locally closed. But we have from Corollary 4.5 that each constituent set (c
n is locally closed, so it just remains for us to observe that there are fewer than n (< ∞) multiplicative partitions of ξ of length .
It follows from the preceding that in (4.8) the critical player (SL 2 (k) A × µ n ) 2 can be decomposed as 
Interpretations of splitting
We noted in the preceding section, in connection with (4.8) and (4.9) and so also in connection with (4.20) , that p • ω = j 0 is equivalent to (p ⊗ p) • Ω = j 0 ⊗ j 0 , staying with the abuse of notation in (4.9) . This is trivial in light of (4.8) but it behooves us to observe that the formalism of (4.20) suggests that Ω should be of the form and the strong form of splitting given by Kubota in [20] is simply the statement that s A should be a group homomorphism. We will summarize these things in the form of a single central proposition, below, the proof of which is really already present in the earlier parts of this paper. It is important for our larger aims to fit this proposition into as spare a diagrammatical setting as possible, seeing that we seek to bring sheaf-theoretic methods into play. Therefore, the task facing us now is to cast (5.2) in the form of the commutativity of a diagram closely related to (4.8) and (4.20) . Before long we will pass to a "dual" diagram where structure sheaves take the place of topological spaces so as to be in a position to address the existence of something of a dual morphism to s A by means of derived categories. It is in this latter connection that Corollary 4.6 acquires its justification: the fact that the X ξ; are locally closed, so that ξ∈µ X ξ; is too, facilitates the definition of stratifications in the sense of [1] . First of all, if
correspondences, doubtless in connection with (6.7) and the relationship between Φ and Ω ξ0 . Recent work in the area of microlocal analysis (see [16, 22] , e.g.) has centered on using the Fourier-Sato transform in a very suggestive manner.
